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A. A Binary System

A-1. Assume a,and a,, are respectively, the distances of M;and M, from the center of mass:

M1a1=M2a2 _MZ _M1 . _
{a1+a2=a al—ﬁa,az—ﬁa-M—M1+M2

In the rotating coordinate system, a centrifugal potential has to be added to the gravitational

potential of the two masses:
1 ,GM
U= —szrz w = ?

GM GM 1
ol y) =— : - 2 —= w?(x* +y?)
Ja+a)?+y? Jx—a)?+y? 2

p(x,y) =— - ——E;@2+yﬂ

Jlewipe) ot (=) 4

A-1 (1.0 pt)
GM GM. 1G(M{+M.

P(x,y) = — - L TR +y?)

M
\/(x+(Miwszz)a) +y2 \/(x—ma) +y2

A-2. We set y = 0 in the previous equation, and obtain:

GM GM 1M
0(x,0) = —————7 2

oo pal - 2

We draw the diagram noting that:
1. The function has asymptotes at x = —a, and x = a, , and it tends to —co at both sides of
these asymptotes.

2. The function has three maxima which are called Lagrange points.
3. The function goes to —oo for x - oo
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A-2 (0.7 pt)

A-3. Let X = x/a, and denote the Lagrange point in the middle (between x = 0 and x = 0.75) by X,
, we have % (¥y) = 0. Using the given ratios:

GM 3 1 1
QD(??,O):T— _41 + _43 —Efz
(r+3) @-9
Letf(f)=GiM%,thenwe have to solve for f(x,) = 0. We have f(0) > 0 and f(0.5) < 0, so

the answer lies between 0 and 0.5. For the midpoint, we have f (X, = 0.25) > 0s0 0.25 < ¥, <
0.5, so by trial and error:

{f(0)>0

£(05)<0” £(0.25) >0 - 0.25 < %y < 0.5 - £(0.375) < 0 = - - 0.358 < ¥, < 0.361

X
- £(0.360) > 0 - 0.360 < %, < 0.361 — ;" = %, ~ 0.36

So, up to two significant figures the answer is 0.36.

A-3 (0.5 pt)

0 -0.36

a

A-4. The angular momentum of the system is:

MM GM GM?M?
] = paV = pa’w =—jwza2 ’F: ’—11\4 2q,
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where u is the reduced mass and V is the relative velocity of the two point masses. Taking the
logarithm of both sides we’ll have:

11. G
Inj = > lnM+ 2InM; +21In M, +1na]
For slowly-varying quantities we’ll obtain:

[ M, M, 1la
]_1_2+

J M, M, 2a

because the total mass is a constant and M, + M, = 0; therefore:

b a3 P 3a 3M1 (1 Ml) P 6 a3 ( 1 1 )
= —_ e —=——= -3 — —_—— — = — _— _——
TleM T P 2a M\ M, ™ e \or, ",

A-4 (0.6 pt)
a=-2fa (Mil—Miz)
P =—-6m g—;ﬁ(Mil—Miz)

A-5. In an infinitesimally thin ring with an inner radius of r and an outer radius r + dr, energy is

leaving at a rate of — % and entering at a rate — EME | SMiB

2r 272
M

equilibrium, the excess energy of G? dr per unit time must leave the system as radiation, so:

dr . For the ring to stay in

GM
dP = 27.123 dr = oT*2(2nrdr) = 4noT4*dr - T = (

1
GM,p )Z
8mor3

A-5 (1.0 pt)

1

r- (gt

A-6. From P = 2@ /% we’ll have:
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1
_ [P2G(Ms + Mys)]P
a= 412

Using the result of Part A.5, the temperature is:

=

=9 x 103K

1
“\8rnor3/  \oP2(Mg + Myg)

A-6 (0.5 pt)

T=9x%x103K

A.7. For the system to remain bounded, the total mechanical energy of the system must be negative:

1 GM;M 26(M; + M
E’=§M'v'2— ; 207 < ’%

. . . GM
For an isotropic explosion, we would have v' = v = ’Ttherefore:

\/G(Ml +My) Jza(m; +M,)

a

and:

A-7 (0.7 pt)

r_ [26(M1+M,)
vmaX - a

M{—M
1 _ MMy
Mlmin - 2

B. Analysis of the stability of a star

B-1. Using Newton’s law of gravity:

AnG for r'2pdr' P=Pc 4nGp.r

9= r2 3
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B-1 (0.2 pt)

ATTG P
3

B-2. Balance of forces for a differential element of volume with a surface area of 4 and thickness Ar
between radii r and r + Ar is as follows:

GM(F)p
—

xsT

AAr —ApA =0

in which M (r) is the mass of the part of the star confined within the radius r. As Ar is small, we
can write:

Gp 2 N dp(r) _,dp
([ amroear) =~ =yt

Multiplying both sides of the equation by % and taking the derivative once again, we get:

d
1,272
dr[r p

dp1 4nGr?
e p(r) =0

dr Ky

B-2 (0.6 pt)

hi(p,7) =1%p"7?

L _ 4nGr?
(1) = Ky
B-3.
[pC] = ML_3l [pC] = ML—IT_Z' [G] = M—1L3T—2
[G'p&p] = M7 LT (ML T 2™ (ML™)" = L
[ = 1
—l+n+m=0 ) 1
3l-3n—-m=1- 1 - To = G 2p?pct
—2l-2m=0 m=s
n=-1
B-3 (0.4 pt)

ro = G 2p2p;t

B-4.
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Kyp!™ d 5 du
S y—24%1 _ _
AGrix? dx [x “ dx] peu(r)
y—2
I(}/chi [xzuy_z d_u] = y i [xzuy_z d_u] = —u
AmGryx? dx dx 4mx? dx dx
d [ 5 y_zdu]+4nx2 — 0
dx xu dx y u=
B-4 (0.3 pt)
Ay (u, x) = x?u¥=2
4mrx?
A (x) =
B-5.
d du sin(v2mx
y=2 - |2 = —2muto - 1760 = —2mf() > £00) = sin(Vmx) = )
B-5 (0.6 pt)
__ sin(v2mx)
fO)=—F%
B.6.
d?u —2) rdu\* 2 /du\ 4m
e D) () oo
dx? u dx x \dx y
"0)=0 li u'(x)_ "0
u ( ) - ) xlE% x =u ( )
"(0) + 2" (0) +2E = A
- = N = —
: - y O
y~[1.64,1.70]
B-6 (0.8 pt)
vy = [1.64,1.70]

B.7.
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M(r) =f amr'2p(r’, t)dr' =f Anr'?p(r)dr’
0 0
oF P r?aF\ "
anr?p(r) = 42 p(F, t)a - % = ﬁ(@) =(1+e)3=1-3¢
o GM 1
9_72 _72_ 2
g GM ™1 =(1+4+e)“=1-2¢
. rZ
B-7 (0.9 pt)
g=g(—2e)
p=p(—3e)
B-8. we have
@ — ’*(*’ -
o7 p\g
And
p = Kp
So:
(%)
s . \OF N ", 0P
T:g— — :g—Kypy2_~
p
B-8 (0.6 pt)
d27 ap
o G—Kkypr2E
a2z 9 VP oF

B.9. Using of the results in B.7 and B.8, we have:

da* ap dp ((1—3e)r 1
O s i kyar2P — p(1— 26) — kypr-2 P (L2
az =TT K T gr =9 =26 —Kyp ( )

dp
=91 —2¢) —Kyp"? (1 =3(y — De — )

Equilibrium requires:

dp dp
— y=2_" — y-2_T —
g—Kypr oo =0=>Kyp" =22 =g

therefore:

F=ré=g(1-2¢)—g(1-3(y—1e—¢€)=gQBy—4)e
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and:
.4
=3y -4
€="0Cy -4
4G
€=— ch(3y—4)6

Stability requires that:
4
3y—4>0>y> §

and the angular velocity of the oscillations will be:

4nG
wz\/ 3pc(3y—4)

B-9 (0.6 pt)

€= —4”76’%(3)/—4)6

Ymin = §

4G pc

w = T(3]/—4)




