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A. Paul Trap

The Nobel Prize in Physics 1989 was divided, …. the other half

jointly to Hans G. Dehmelt and Wolfgang Paul "for the development

of the ion trap technique“. From nobelprize.org



Earnshaw's theorem

How to trap an Ion?

a collection of point charges cannot be maintained in a 

stable stationary equilibrium configuration solely by the 

electrostatic interaction of the charges.

Photo from wikipedia



Paul Trap: Using Dynamical Stability







Simplification of the question:

𝜆 = 𝜆0

𝜆 = 𝜆0 + 𝑢 cosΩ𝑡

Syllabus: Electromagnetism



The ideas needed to solve:  

1) Writing Coulomb’s Law and very simple integrating.

2) Using suitable approximations and expansions.

3) Using Gauss’s Law.

𝐸 𝑥, 𝑦, 𝑥 ≃
𝜆

4𝜖0𝑅
2
−𝑥,−𝑦, 2𝑧



Finding the Eq. of Motion in Dynamical case:

Syllabus: Mechanics, Oscillations and waves

𝜆 = 𝜆0 + 𝑢 cosΩ𝑡



The idea needed to solve: 

Writing Newton’s Second Law

𝐹𝑧 = 𝑄 𝐸𝑧 =
𝑄𝜆0

2𝜖0𝑅
2𝑚

+
𝑄𝑢

2𝜖0𝑅
2𝑚

cosΩ𝑡

𝑘2 𝑎Ω2

Mathieu Equation



Some simplifying assumptions:

Slowly varying, 

big amplitude

Fast with small amplitude



The fast varying part:

Syllabus: Mechanics, Oscillations and waves



The ideas needed to solve:

ሷ𝑝 + ሷ𝑞 = 𝑘2 + 𝑎Ω2 cosΩ𝑡 𝑝 + 𝑞

𝑝 is nearly constant

𝑞 ≪ 𝑝

ሷ𝑞 = 𝑎Ω2 cosΩ𝑡 𝑝



𝑝 is nearly constant

ሷ𝑞 = 𝑎Ω2 cosΩ𝑡 𝑝

𝑞 = −𝑎 𝑝 cosΩ𝑡 + 𝑐1𝑡 + 𝑐2

𝑞 should remain small with zero mean



𝑝 𝑡

The slow varying part:

Syllabus: Mechanics, Oscillations and waves



1) Substituting the answer for 𝑞 𝑡 in the original Eq. of motion.

The ideas needed to solve:

2)   Using the mean values cos Ω𝑡 = 0 and cos2 Ω𝑡 = 1/2

ሷ𝑝 + ሷ𝑞 = 𝑘2 + 𝑎Ω2 cosΩ𝑡 𝑝 + 𝑞ሷ𝑝 = 𝑘2𝑝 − 𝑎 𝑘2𝑝 cosΩ𝑡 − 𝑎2Ω2𝑝 cos2 Ω𝑡ሷ𝑝 = 𝑘2 −
𝑎2Ω2𝑝

2
𝑝

Stability Condition: Ω > 2
𝑘

𝑎



Numerical estimate of the frequency needed

Ωmin ≃ 7 × 106rad/s𝑘 = 2 × 105 rad/s



B. Cooling Atoms

https://worldbuilding.stackexchange.com/

The same concept in

IPhO 2009 Mexico, yet

very different approach.



The Nobel Prize in Physics 1997 was awarded jointly to Steven Chu, 

Claude Cohen-Tannoudji and William D. Phillips "for development of 

methods to cool and trap atoms with laser light" From nobelprize.org

Laser Cooling



The atom absorbs mainly the blue-

shifted lights due to Doppler effect.

The mechanism effectively reduces

the energy of the atom

Photo from wikipedia



Finding the spectrum width knowing the lifetime of an atomic state

Syllabus: Quantum Physics

𝐸𝐴 = ℏ𝜔𝐴 𝜏 = Lifetime

Δ𝐸 × Δ𝑡 ≃ ℏ Γ = Δ𝜔 ≃ 1/𝜏



The probability of absorption in the atom’s reference frame

𝑠 ≃ 𝑠𝐿 + 𝛼 𝜔 − 𝜔𝐿



The changes to absorption rate due to the Doppler effect 

and the effective force on the atoms

Syllabus: Mechanics, Relativity



In the reference frame of the atom:

𝜔+ = 𝜔𝐿 1 +
𝑣

𝑐

𝜔− = 𝜔𝐿 1 −
𝑣

𝑐

𝑠+ = 𝑠𝐿 + 𝛼𝜔𝐿

𝑣

𝑐

𝑠− = 𝑠𝐿 − 𝛼𝜔𝐿

𝑣

𝑐



𝜋+ = 𝑠+ × −ℏ𝑘+

𝜋− = 𝑠− × +ℏ𝑘−

The rate of momentum absorption:

𝜋+ + 𝜋− = −2ℏ𝑘𝐿𝛼𝜔𝐿

𝑣

𝑐
1 +

𝑠𝐿
𝛼𝜔𝐿

𝐹 = − 2𝛼ℏ𝑘𝐿
2 𝑣

The same force in the lab’s frame up to the order 𝑣/𝑐



Estimating the ultimate temperature: I

Finding the energy absorption rate of a completely stopped atom

Syllabus: Mechanics



𝑝0 = 0

Before absorbing the photon 

After absorbing the photon:

𝑝1 = ℏ𝑘𝐿

After emitting a photon:

𝑝𝑓1 = 0

𝑝𝑓2 = 2ℏ𝑘𝐿

𝐸𝑓 =
1

2
× 0 +

1

2
×

2ℏ𝑘𝐿
2

2𝑚
=
ℏ2𝑘𝐿

2

𝑚

Input power = 
ℏ2𝑘𝐿

2

𝑚𝜏



Estimating the ultimate temperature: II

Finding the energy dissipation rate of an atom and the steady state temperature

Syllabus: Mechanics, Thermodynamics and statistical physics



𝑃out = 𝐹. 𝑣 = −2 𝛼ℏ𝑘𝐿
2𝑣2

Rate of energy loss:

Steady state condition:

𝑃out + 𝑃in = 0 𝑣2 =
ℏΓ

2𝛼𝑚

𝑇 =
ℏΓ

2𝛼𝑘𝐵



Numerical estimate of the ultimate temperature:

𝑇 = 2 × 10−4𝐾



Thanks!
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